We study in this paper the Blume-Emery-Griffiths model in a thin film of stacked triangular lattices. The model is described by three parameters: bilinear exchange interaction between spins J, quadratic exchange interaction K and single-ion anisotropy D. The spin Si at the lattice site i takes three values (−1, 0, +1). This model can describe the mixing phase of He-3 (Si = +1, −1) and He-4 (Si = 0) at low temperatures. Using Monte Carlo simulations, we show that there exists a critical value of D below (above) which the transition is of second-(first-)order. In general, the temperature dependence of the concentrations of He-3 is different from layer by layer. At a finite temperature in the superfluid phase, the film surface shows a deficit of He-3 with respect to interior layers. However, effects of surface interaction parameters can reverse this situation. Effects of the film thickness on physical properties will be also shown as functions of temperature.
I. INTRODUCTION
The physics of thin films has seen a spectacular development during the last 30 years. This is due, on the on hand, to numerous electronic applications using thin films [1] [2] [3] , superlattices and multilayers [4] , and on the other hand, to the lack of theoretical understanding of surface properties which are very different from the bulk ones. Since it is rather easy to change the conditions at the surface of a films, by coating or by adsorption of other species, for instance, surface physics offers a lot of opportunities to discover new microscopic phenomena leading to potential electronic applications. One has seen in recent years applications using phenomena such as giant magnetoresistance [5, 6] , spin transfer torque [7] , spin valves, etc. [8] .
Theoretically, surface effects in thin films such as surface phonons, surface magnons, surface plasmons have been widely studied. We will focus in this paper on the magnetic properties of thin films. In surface magnetism, much has been understood, in particular on the existence of surface-localized spin-waves and their effects on physical behaviors of thin films at finite temperatures such as the reduction of the critical temperature and the low surface magnetization [9] [10] [11] . In most of previous studies, the spin models such as Ising and Heisenberg models have been widely investigated.
In this paper, we use the Blume-Emery-Griffiths (BEG) model to study physical behaviors of thin films. The spin in this model has three states +1, -1 and 0. A site with a value 0 represents a vacant site. The system is considered as a dilute magnetic systems in which the number of vacant sites varies as a function of temperature (T ). This model can also describe the mixing phase of He-3 (S i = +1, −1) and He-4 (S i = 0) at low temperatures [12, 13] .
Section II is devoted to the description of the model and the simulation method. Results will be shown and discussed in Sect. III. Concluding remarks are given in Sect. IV.
II. MODEL AND METHOD

A. Model
The Blume-Emery-Griffiths (BEG) model consists of a system with three states per spin. The model is described by the Hamiltonian
where the spin variable takes the value S i = −1, 0, 1 and <i,j> denotes a summation over all nearest-neighbors (NN). The model presents in addition to the bilinear spin interaction J a biquadratic interaction K and a singleion crystal field D. This model can describe the mixing phase of He-3 (S i = +1, −1) and He-4 (S i = 0) at low temperatures [12, 13] . In the bulk, if D = 0 then the model is Ising-like. Nonzero values of chemical potential D favor the proliferation of zero spins in the system and lower the transition temperature between the superfluid and the disordered phase. By increasing D the system can support superfluid ordering only by breaking itself into a rich He-3 phase (normal liquid) and a rich He-4 phase which is the superfluid one. The interplay between the superfluid-like ordering bilinear term and the phase breaking D term generates an exotic phase diagram that consists of a line of continuous phase transitions at low D values and high temperatures. At high D and low T values, the transition becomes discontinuous.
We will show below that the bulk feature of the phase diagram in the space (T, D) is found for thin films though there is a variation of the critical value of D above which the transition is of first order. We will also show that the phase diagram depends on the surface parameters.
B. Method
We use Monte Carlo (MC) simulation [14] to calculate properties of the system at finite temperatures for the size of L × L × L z where L z is the film thickness. Periodic boundary conditions are used in the xy plane. The standard MC method is used to study the phase transition. The averaged energy and the specific heat are defined by
where ... indicates the thermal average. We define the order parameter Q for the q-state Potts model by
where Q n is the spatial average defined by
n = −1, +1, 0 indicates the value of spin S i at site i, δ(S i , n) the Kronecker symbol, and N the total number of sites. The susceptibility is defined by
In general, we discard about 10 5 MC steps per spin to equilibrate the system at temperature T before averaging physical quantities over the next 10 5 MC steps. For histograms, we recorded in general 10 6 MC steps per spin. The lattice sizes used in our simulations are L = 20, 30, ..., 120, 300 and L z = 4, 8, 12, 16.
III. RESULTS
Let us take J = 1 and K = 1, namely ferromagnetic interactions between NN. We study the behavior of the BEG model for different values of D by calculating the energy, specific heat, the order parameter, the layer magnetization and the energy histogram.
A. Order of the phase transition
In Fig. 1 we show the energy E and magnetization M versus T in the case where D = 6, L z = 4 with L = 120. Note that the lateral size effect is slightly seen in E as zoomed in the bottom figure, but it is not distinguishable in M . The curves E and M present a second-order phase transition at T c ≃ 3.82.
With increasing D, the system undergoes a first-order transition. We show in Fig. 2 the case of D = 7.3 where one observes a discontinuity at the transition temperature T c ≃ 2.694.
Using the histogram technique [15] [16] [17] , we explored the transition region to search for the nature of the transition. The energy histogram taken at T c exhibits a doublepeak structure for D = 7.3 as shown in Fig. 3 (bottom) , confirming thus the first-order character of the transition [18] . For D = 6, we obtain only a one-peak structure at the critical temperature (see Fig. 3, top) .
We have calculated the transition temperature with varying D from 0 to 7.5. To determine the critical value of D where the transition changes from second to first order, we follow the variation of the energy gap △E defined 
B. Size effect
When the system size is infinite, in second-order phase transitions the correlation length is infinite at the critical point. However, in first-order transitions the correlation length is finite at the transition temperature where the two phases coexist and the energy is discontinuous. In simulations, in spite of the fact that we use periodic boundary conditions to mimic large systems, we cannot avoid finite-size effects on the results. The nature of the transition may not be detected at small system sizes. It is therefore very important to measure the size effects in numerical simulations. We have shown in Fig. 1 (bottom) the energy versus T for L = 36 and L = 300. The size effect is extremely small. The transition remains continuous though one observes a change in the slope of the curve which is steeper for the larger size. In the firstorder region, the energy and magnetization are already discontinuous even for L as small as 36. The film thickness affects, on the other hand, the value of the transition temperature T c as seen in Fig. 5 . As L z increases, the transition temperature tends to that of the bulk. We have used the least mean-square fit with the form:
where A = 2.692 ± 0.165 and T c (∞) = 4.455 ± 0.024.
C. Surface effect
So far, we have supposed J = K for any NN spin pair in the film. We investigate now the surface effect due to the surface parameter K s taken to be different from K. We write the biquadratic surface and bulk parts as follows:
where α b = K/J and α s = K s /J denote respectively the bulk and surface interactions and i ′ ,j ′ denotes the sum over NN spin pairs in the surface layer. We take α b = 1. Let us show the magnetization of the first and second layers in Fig. 6 for several values of α s . As seen, the weaker the surface interaction is, the smaller the surface magnetization becomes. Only when α s is larger than 1.?? the surface-layer magnetization becomes larger than the second-layer (not shown). 
IV. CONCLUSION
We have investigated in this paper the BEG model used for a thin film of stacked triangular lattices with a thickness L z . The anisotropy of the BEG Hamiltonian affects the nature of the phase transition as it has been observed in the bulk case [12] : for D ≤ 7.2 the transition is continuous and for 7.2 < D < 7.5 the transition is of first order. This has been confirmed with the histogram technique where the latent heat can be measured with precision. The surface effect on the layer magnetizations has been shown. The surface magnetization is smaller than the interior layer if the surface interaction is not so large. If we map the BEG model into a mixing of He-3 and He-4, then near the surface there is a He-4 enrichment in a film at low temperatures.
